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1 Introduction

1.1 The Theory

18.10.05

The Theory has been formed by Dr. Richard Biichi, Trakhtemlirabin, McNaughton. The subject is the

analysis of finite Automata working on infinite Words.

Motivation

1. Attractive theory with algorithmic content.
2. Framework to non-terminating reactive systems.

3. Connection to logic (temporal logic and others)

A Script of this lecture is available on the website of Infaitik 7

1.2 Exercises

Starting tomorrow.
Hand in the Solutions in Groups of three persons.

1.3 Buchi automata and regular  w-languages

¥ Alphabet,B = {0, 1}, a,b,c, ... letters,u,v,w, ... finite words,e empty word X*, =*
a = a(0)a(1)a(2)... w-Word [overZ if a(i) € ]

¢ set ofw-words overz

afi...j] =a()...a(j)

U,V,W.... languages of finite words. K,L,... languages ofy-words

Definition (Bichi Automaton)

A Buchi automaton is of the forfl = (Q, X, qo, A, F) with finite state set Q, input alphabgf initial state

Jo, transition relatiom € Q x X x Q and a seF C Q of accepting (or final) states.
acceptingu-wordby the ” Blichi condition ”

Arun of Aonais a sequencg = p(0)o(1)... s.t.p(0) = do, (o(i), (i), p(i + 1)) e Afori >0

o satisfies the Bichi conditiom @ccepting) ifo(i) € F
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A acceptsr if exists runp of A on a wich satisfies the Biichi condition
L(A) = {a@ € X¥|Aaccepta}

Example:
ﬂo:

a = abbababab. .

p1 = 0000000000. .

02 = 0000002323. .

p3 = 0000232323..

02, p3 accepting. Ap accepts a L(Ap) = the set of all w-words over {a, b} with from some point onwards
have ababah .. or aaaa....

Short notation: (a + b)*(ab)® + (a + b)*a® "regular expression”

Questions

1. Reduction to deterministic automata?
2. Alternative characterization of accepted (or recoghjizelanguages?
3. Closure under operations like U

4. Algorithmic properties

Remark on determinism In a deterministic Biichi automaton replageby a transition functiors :
QOxX—-0Q

Then anw-worde induces a unique rum of A ona.

p(0) = qo

p(1) = 6(do, (0))

p(2) = 6(6(qo, @(0)), (1))

Buichi condition as before.

L1 = {a € {a, b}*| from some point onwards, i@ only a occuré

L, = {a € {a, b}*|b occurs only finitely often i} = (a + b)*a*w

Claim: Lp is Buchi recognizable, but not deterministically Buober

Proof:

Assume det. Buchi aut. A recognizes L;

Consider A on aaa.... A visits final states infinitely often in its unique run, say first time after ng
letters a.

Consider A: a%baa... Next visit to final state is guaranteed by assumption, say after prefix
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aopam

ConsiderA on a™ba™baa. ..

Generate infinite word a™, ba™ba™b... where the A-run visits final states infinitely often.
Contradiction to the assumption on A

1.4 Towards characterization of B  lchi recognizable w-languages

1.4.1 Preparation

e GivenU c X*, defineU® = {a € Z?|a = UguiUy ..., U € U}

Example:

U = abba + aa

U® contains aa abb abbaabbaaabbaaa ..
N ——— ——— N——

e GivenU C¥*,LCX U -L={eeX¥a=u8,ucU,Bel}

Theorem 1 L ¢ ¢ is Biichi recognizables L = (J{L; U; - Vi with U;, V; € Z* regular.

Proof:
= Given A = (Q, X, qo, A, F) Blichi automaton
Define for p,q € Q Wpq = {w € X*| ex. A-run from p to g via w}
W, q is regular (use (Q,X, p, A, {d}))
Remark: A accepts « if for some q € F @ is in Wyyq - Wyg - Wyg. .. L = Uger Waog - Wag (%)

Consequencer is ultimately periodic ife = uvvv... for some fixed wordsl, v
Proposition:L Bichi recognizablel. # ¢ = L contains an ultimately periodio-word

Proof:
Given A, consider the representation (x)
For some g Wgyq # 0 Wyq # 0 Using U € Wy,q, V € Wyq find @ = uvvv. ..
Definition
L € X% is Buchi recognizable> L is finite union of setdJ - V¢, with U,V C X* regular

Proof:
Proof of &) Lemma:

a) V C X* regular = V® Buchi recognizable (B-Rec).

b) U CcXfreg K cX’B-Rec= L;UL,B-rec

Proof a) Given NFA 2 = (Q, X, qo, A, F) recognizing V

Preprocessing: Introduce new initial state g, wich cannot be reached via nenempty word, obtain
equiv. NFA A

Construct the Biichi-atuomaton B for V¢ from &

e For any transition (p, a, q) with g € F introduce new transition (p, &, g;)
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e Use {%} as set of final states of B

Proof b) Given NFA 2 for U, Biichi automaton 3B for K Introduce over Qg U Qg for (p, &, q) with g € Fy
new transistion (p, a, oy if dou € Fy for (Cox, b, g) new transition (goy, b, Q)

Proof c) Given B, B, for Ly, resp L,

Introduce a new initial state gp and new initial transitions

Consequence Buchi-recognizablev-languages are described by regulaexpressionsd-regular ex-
pressionsy; - s + - -+ + It - § Wherer;, 5 are standard regular expressions.

1.5 Complementation of B lchi automata.
Theorem 2 L € ¥ B-rec.= 2¢ \ L B-rec

Strategy: Given Blchi-automatofl = (Q, Z, go, A, F) recognizingL
Define finite family Wy = {W4, ..., wg} of regular language®/ C * such that

e L is finite union of setdJ - V¥ with U,V € dy

e X¥\ List also finite union of sets with, V € Jy

notation (Given?) write p X alp = g : © exrun of2l onw from p to q [Such than a final state is visited
in this run]

Definition
Given¥ define foru, v € X*
U~y VvV < foreachp,qe Q

p%q@p%q
pSgepsq

Fact 1: ~y is equivalence relation, call the equivalence classeslassesu]

Fact 2: Each-y-class is regular
welu © Vpge Qst. p 5 g [not p 5 gl w e Wpylw ¢ Wyl andVp,q € Q s.t.
p = q[notp=u> glwe ’WEq (allowing 2l to go from p to q visiting F)

L ¢ ¢ Buchi-Rec.= X\ Buchi-Rec.A Buchi aut. forL U - V¢

Remark:
From the transition profiles of u, v one can compute the transition profile of uv.
Other Formulation:

e U~qU V~aV U/~ UV
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e ~,is acongruence

e U,V e W, (U,V ~, classes)
U -V Cc W for some W

Consequence of Lemma 1,2: Y\ L=UU- - VYU,V e W,,V-VCV,U-VYnNnL =0}

Proof (Proof of Lemma 2):
Given @ € X¢ Notation a[m,n) = a(Mm)...a(n-1)
Two positions k, k" merge at m(> k, k')

k =, K : kK merge at some mRemark 1 k, k" merge at mm < n = k, k'’ merge at n: clear from
Remark on ~4 being congruence
Remark 2 =, is an equivalence relation over N of finite index.

>

Given a, by Remark 2, choose infinite =, -class, say with ko, ki, k2 ...

Consider a = [0, ko)a[ko, k1)a[ki, ko) . ..

Of the segments, a[kp, k) infinitely many must belong to fixed ~4-class, say V

So choose a subsequence of the ki, call them ko, k1, ko again, sucht that a[0, kg) € U

alko, ki) e Vforalli >0

By canncelling some Kkj we can assume that ko, ki merge at k; + 1 Call the subsequence obtained
again ko, k1, ... Show for this sequence a[ki, ki1 € V,i = 0,a[kg, k1) € V So afk, ki + 1) ~, Check

(N N

wether UV C V For construction of
complement Buchi automaton we need a test wether U - VN L =0

Lemma (Intersection-Lemma:)

Given Biichi automata a;, ap, L(a;) N L(ap) is Blichi-recognizable.
Emptiness Test: Given Biichi aut. a, one can test wether L(a) = 0
L(a) # 0 < ex. final state g, such that

e (is reachable from qg
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e (] is reachable from q by nonempty path.

Idea: Given a]_(Q]_, 2, Jo1, Al, F]_)
az(Q2, X, go2, A2, F2)

construct product automaton
Introduce memory component with entries 0, 1, 2:

1. wait for state in F1
2. wait for state in F»

3. Cycle completed

1.6 Acceptance Conditions

Aim: Obtain expressive of NBA by deterministic automatahnother acceptance then Blichi-ac.
Four basic acceptance conditions (giea (Q, %, do, 6, F))

The runp € Q¥ is E-Accepting ifdi, p(i) € F
A-Accepting ifVip(i) € F
Blchi-Accepting ifY;3i > j,p(i) € F
w-Buchi-acc.3,Vi > jp(i) e F

An E-/A-/Buchjw-Buchi-cond is here a det. automaton used ewavords with EfA-. .. acceptance

Error

Example:
(aa+h)-Z¥ X ={ab}

Example:

Forpe Q¥ Inf(p) ={qe QVj3di > | p(l) = q} p is visited infinitely often ino
Muller aut. has formaa = (Q, X, do, 6, F), whereF = {F1,...,F¢}, Fi € Q
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Runp is Muller accepting ifinf (o) € F 3i, Inf(o) = F;
L, set ofw-words overz = {a, b} with infinitely many b
Loset ofw-words overZ = {a, b} with only finitely many b. ...

Lemma
a) The class of Muller recognizable Languages is closed under boolean comb.

b) L is Blchi-recognizable = L is Muller recognizable

A

Proof:

We show closure under negation (complementation) an A (intersection)

Complementation proceed from FtoF”’ := qR \ ¥

Intersection use a product construction, given A; = (Q;, X, qio, 6, Fi), (i = 1,2) construct A = (Q1 X
Q2. %, (05, 93). 6, F) where 5((p, 0), ) := (61(p. @), 62(q, &) and F defined ¥n, ¥p; ... pn € Q1. Vo1 ..., G €
Q2 {(P1,G)---»(Pn.O)} €F © {p1... P} €Frand {Qr... 0w} € F2

Lemma
a) L € Z“ det. Buchi recognizable & X \ L det ca.Blichi recognizable

b) L C X“ E-recognizable & X \ L is A-recognizable

proof of a) (B is similar

Let A = (Q,Z,qo, 5, F) be a det. Biichi automaton with L = L(A)

Define A’ = (Q, X, o, 5, Q\ F)

Thena € ¥\ L & Inf(o, N F = 0 & From some point onwards only states from Q \ F are seen, i.e.
Vi > np,(i) € Q\ F & A’ co-Blichi accepts «

Structural Analysis of E- and det. B Uichi-recognizable Languages

Lemma
a) L € X¥is E-recognizable & L = UZ® wher U C X* regular

b) L C ¢ is det. Blichi recognizable & L = lim(U),U C* regular

Definition
Letuc z*
Lim(u) := {a € £¥|a[0,...,i] € U for inifinitely manyi}

ExampleU = a*ba’
lim(u) = {a € X“|a contains exactly one}b

Proof:

a) Let A =(Q, o, qo, 0, F) be det. automaton
Let L € Z¢ be the w-language E-recognized by A and U C X* the language recognized by A as
finite automaton. Then a € X¥isE — Acceptedhyl < in the unique run of A on «. Finished after
finite prefix u & A accepts u as a finite automaton < u € U and for the remainder of a € X.



22.11.05

10 CHAPTER 1. INTRODUCTION

b) Let A = (Q,X, do, 6, F) det, L = L(A) C = Blichi recognized by A, U C X* reg. language accepted
by A as finite DFA.
Then for @ € £ : Aacceots < inp, a state from F is visited inf. often i.e. p,(i)) = q € F for
inf. many i © «f0,...,i] acceptesd by DFA A for inf. many i & «[0,...,i] € U for inf. many
I © aelimu)O

Comparison of det. recognizable w-Languages Hierarchy Theorem For the classes of det. E,A,Buichi,
co-Biichi, Muller-recognizable languages, the followinglusion diagram

All the inclusions are strict!

proof strategy: done. Buckd Muller complement Lemma closure of Muller under boolean combs
co-Buchic Muller , we shoE ¢ Biichi, E € co-Biichi.

Then (complementy A C Biichi, A C co-Buchi.

Proof: W C Biichi, E € co-Blchi

Let A be an E-automaton recognizitgC ~“ We construct automatasl’ wich both Buihi and co-Biichi

s,

recognized.. A’ results from#A by adding a new accepting sink state, Qi) =F
redirtect every transition to a final state#ito gs, i.e.d6(g,a) = pe F = §’(g,a) = gs

1.6.1 Strict inclusion claims

On (4): O*1(0+ 1)? is not A-recognizable.
Assumell with n states recognizes D(0 + 1)“
A on input 0'10” accepts, so run has only final states.
A:go— p— p—gOninputo® the run repeatgg — p — p — p... so only final states accepts 0
OI’]
contradiction.
On (5): 0°, complement of OL(0+ 1)“
Assuming{=*} is E-recogn., the complement would be A-recognizable. Ns&the proof on the language
(4).
So{0“} is not E-recogn.
On(2): Ly = {a € {0, 1}*| in @101 occurs, but 11 does npt
Assumel, is E-Recognizable, say By with n states. ConsideX on 1010, reaches a final state, say up to
101¢. On 101611 A reaches final state and accepts. Contradiction.
Assumel, is A-recognizable, say b¥l with n states.2 accepts 01010°, have state repetitions on prefix
0", so accept @, so contrad.
On (7): L7 = {a € {0, 1}*|1 occurs only finitely oftehknown: not Bichi-recogn.
On (6): Lg is complement of.7, so it is not co-Biichi recognizable.

1.6.2 Deciding the levels

Aim: Given Mulller automatoril = (QMX, do, 6, ) we want to decide weth&r() is in fact E-recognizable
or Biichi-recognizable.

10
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Aloop of Ais a subseS C Qs.t. for alls, § existsw € T+ with 6(s,w) = S overQN S

Remark A setInf(p) is a loop. We may restrick to loops only. Assum& has only reacheable states, has
acceptance componefit containing only loops.

¥ is closed under reacheable théhe 7

¥ is closed under superloops if loop S € ¥ and loopS’ 2 SthenS’ € ¥

Remark Given?l both properties of can be checkedfiectively.

1.6.3 Landweber’'s Theorem

Let 2 be a Muller automato® = (Q, X, do, 6, F)

a) L(A) is E-recognizable i~ is closed under reachable loops.

b) L() is Buchi-recognizable if~ is closed under superloops.

Proof b) & AssumeX is closed under superloops. Construct Biichi automatom.f@y Use setQ x 2°:
in first component simulat¥ in second component accumulate visited states until sep8r3 S € ¥ is
reached, then go instead (final).

Automaton accepts if given aull. satisfiesinfp) 2 S € ¥ = Given Muller-automatofll = (Q, X, go, 5a, )
and a Buchi-atuomato® = (P, X, po, op, ¥ with L(A) = L(B)

Consider loos € 7, superloopgS’. ShowS € 7

Find w-word awith Inf(p) = S’ for the 2-run p, with A accepts. Stark with prefix w leading?l to some
g € S. Continuew by y wich cause8! to loop throughS again and agairB onwy visits F-state aftew, say
adterwu;. Via word vy back toqin 2, via X; go once througts in % and back tay. On prefixwuyvixg A
has looped througB’ once,B has visited a final state. Repeat the argument witfv; x;y. Repeateing we
Aloops througrS’againandagairé

B reaches final states inf. often023 accepts hence accepts, hete -

obtainwu Vi XUsVoXo . .. S.t.: {

1.7 Weak automata

A Staiger-Wagner automaton (weak Muller automaton) hasémee format@, %, go, 6, ) as Muller au-
tomaton, but with the following acceptanc®: acceptsx if for unique runp of A on a: the set of states
occuring inp isin ¥. Ocdp) € F 29.11.20

Staiger-Wagner automaton: A=(Q,%,00,6,F)F € PowQ)
A acceptsr & for the unique rum of A in « we haveOcdp) € F for someF € ¥, the states g form F

Theorem 3 L C o is (det.) Bichi- and Co-Biichi recognizald#e L is Staiger-Wagner recognizable.

Proof:
< Given U = (Q, 2, do, 0, 7‘-) F ={F1,Fo,...,Fy}
Construct A’ over Q x 29 x -+ - x 2
e

k times
State (g, Ry, ..., Ry) signals that 2 is in g, and that Ri(i = 1,...,K) is the set of states visited so

11
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far.
Declare (g, Ry, ..., Ry) as final if R; = F;j for some i (For Biichi-automaton )

A’ visits final inifinitely often < for some i, Ry = F; infinitely often
& for some i, R, = Fj from some point onwards.

So W used as blichi or as Co-Blichi automaton, accepts if the visited states for % form some
Fi.

Preparation for =: SCC Decomposition) Given transition graph, a strongly connected component
is @ maximal strongly connected subset.

Proposition the SCCs and the singletons wich do not belong to an SCC form a partial ordering under
the reachability relation.

SCC-Algorithm  For directed Graph G = (V, E)

1. Run depth-first search, recording enter/farewell-times for the vertices

2. Reverse edges, get GT

3. Run depth-first search on G', taking as roots of depth-first trees vertices in reversed order of

finish times (Starting from vertex with highest farewell

Resulting d-f-trees are the SCCs (the reacheable vertices form a SCC S of G

= Given Bichi-automaton wich recognizes L

Take Muller-automaton for L, 2% = (Q, £, go, 8, ) F is closed under superloops.

Since 2 recognizes a co-Bichi recogn. set, ¥ is closed under subloops.

Consequence: All loops of an SCC of 2 are accepting (€ F) or all loops of SCC are rejecting
(¢ F).

Call SCC S good, if all its loops are accepting, (otherwise it’s bad)

Fiven S, let S, be the set of states g ¢ S with transition (p,Q), pe S

Consequence: Run p of 2 is accepting if p reaches some good S but does not reach the cor-
repsonding set S, .

So get a Staiger-Wagner-automaton from 2 with the following acceptance component #’ con-
taining a set RC Q if for some good S we have RNS # 0 and RN S, = 0.

12



2 Determinization

Aim: Transformation of undet. Blichi automaton to det. Mukutomata. (McNaughton 1966, (Information
and Control)).
Safra 1988: Optimal complexity bound for the number of st¢Rabin automata)

Muller,Schupp (1992): Optimal complexity bound for the rhenof states 5
b a,

Problem: Powerset construction is not enough.

nal state 1!

Idea of MS-construction: On given input word, build up tharirTree” of Biichi automaton. Use prefixes
of tree up to some level as first approximation of states. Bimluand compression leads to finite number
of states. a,b b
() ’
a

_—

infinitely often set visited with fi-

Illustration with

L = (a+b)*(b*a)
Example input: Run tree &f = (Q, %, qo, A, F) on input
Remark:
A accepts a < in run tree of A an infinite path exists with infinitely many final states.

Reductlon 1 Put states together if they are final, respectingly nonfinal (final:“down”, vertically display:
“Ieft”)
Result: Binary branching tree. “Acceptance Tree”.

Remark:
A accepts @ < in acceptance of A on « exists path pranching down infinitely often.

13
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From a nondet. Biichi automaton, one can construct an dgotvdet. Muller automaton.
Given? = (Q, Z, qo, A, F), start on input from run tree ofl ona
Convention: Branch left(down) with final states.

1. Reduction Merge states at a branching when they are fefak(lcc.)
Merge states at a branching when they are non-final (right.suc
Get “acceptance tree” with a most binary branching.

Remark:

A accepts a & in acceptance tree of A on « exists path with infinitley many left turns.

= easy from condition on run tree
< from infinite path in acc. tree obtain a partial run tree wislnifinite and finitely branch-
ing.Konigs Lemma gives infinite path of run tree of courséwinfinitley many left turns.

2. Reduction On each Level keep only the leftmost (downmmsturence of each individual state.

Remark:
A accepts a < in the resulted left-reduced acc. tree a path exists with infinitely many
left turns.

3. Reduction Compress path segments into single nodes:

Y
L
.

C

nodes of a path segment into the topmost one (not a succdds@nching node)
Keep states at leaves, color each node of compressed tree by:

Merge

e Red: if no final state occurs
e yellow: if final state occurs, no final state added

e green: if final state was added in left update

4. Reduction Delete all nodes wich do not get a new desceliéme last update step.

Result: Muller-Schupp tree (ove®), a finite, strictly binary tree with node names fraf where node is
colored red,green or yellow, and the leaves are labelleld diijoint state sets (ove)).
Notation: MS(Q) for the finite set of all Muller-Schupp trees over

Remark:
A accepts @ < in the sequence of Muller-Schupp trees of A on @, some node stays forever from
some point onwards and is colored gren again and again.

14
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Definition
of Muller automatorl” from nondet. Biichi automatadi = (Q, X, do, A, F)
1;red
_ {Qo}
State-setMS(Q) initial state:
Definition

of 6(t,a) (t : MS — tree) using the following update rule:

1. Copy tree, replace green by yellow

2. For each leaf, with state sefintroduce son labelle®” = {gdp € P,(p,a,q) € A}
Delete state if it occurs more to the left.
Split any set into left,right son with the final, resp. nonfisiates with colors green,red.

3. Delete all nodes wich did not get a new descnendant #iilset.

4. Compress path semgents into the respective top nodegivdnlour green if it is merged with nodes
either coloured green or yellow.

Convention about use of node nameafter deletion step a node name can be reused, however not in a
immediate successor tree accordings to update.

Observation: OverQ, 3/Q| node names dfices.

Acceptance ComponentDefined as follows:

R(c MS(Q)) € & © some node namleoccurs in each tree ¢ and even colored green in some tredRof

4(t, b) to be computed.

Definition

DefineEy := set of MS-trees without node

Fk := set of MS-trees with nodk colored green.

Acceptance Condition: for somek: any tree inEx occurs only finitely often, some tree Iy occurs

15
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infinitely often.
Start notation for rup (of MS-trees): AL, Inf(p) NEx =0 A Inf(p) N Fr # 0

Definition

A (det.) Rabin-automaton has the fofin= (Q, X, qo, 6, Q) whereQ is sequenceHs, F1), ..., (Em, Fnm) of
setsc Q.

A-runp is accepting if forsom& e {1,....,m}: Inf(o) NEx=0AInf(o) NFx # 0

Theorem 4 A nondet. Bichi aut. can be transformed into a determmistuller automaton and also into
a det. Rabin automaton.

Rabin aut.:2l = (Q, X, 0o, 5, Q) Q = (E1, F1),...,(Em, Fm)) Ei,F; € Q

p successfull> \/ (Inf(p) NEj =0 A Inf(p) N Fj # 0)

Remark on Rabin and (Union Lemma) Given Rabin aut. @ewhith Q = (E1, F1),...,(Em, Fm)), o1, 02
non-successful runs

Letp be run withinf (o) = Inf(o1) U Inf(02)

o is not successful

Proof:

p1, p2arenotsuccess fuassume p is successful, Inf(p) = Inf(p1) U Inf(02)
Pick indexi: Inf(o) NEi =0 AInf(o) NF; #0

Then Inf(p) NEi = 0,Inf(o2) NE =0

Also Inf(o1) NFi#0orInf(o) NF; #0

So p1 or p2 successful

Theorem 5 MS-construction yelds a Rabin automaton waff"°9 ¥ states from Buichi automaton with n
states

Proof:

Estimate number of MS-Trees over Q, |Q| = n
MS-trees are built from node names 1,...,3n
Fix a MS-Tree by the following functions:

parent p:N— NU{O,=x}
parent if exists
p(n) =<0 i k is root
* otherwise

right brother rb : N — N U {0, =} anologously

color: ¢ : N — {green, red,yellow} U {x}
State occurence:Q — N U {0}

{node where q occurs if g occurs

0 otherwise

Number od MS-Trees < number of quadruples (p, rb, ¢, o) of functions.
<(Bn+27"- (3n+2)% - 43 (3n+ 1) < (4n)1; = 20 log N

Optimality of bound:

16
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Theorem 6 Thereis |y C {#,1,...,n}* recognized by Buchi aut. with+12 states auch that any det. Rabin
automaton recognizing,lneeds> n! states. he 2=("log

Proof:
Blchi automaton for L, X = {#1,...,n}

Cycle property: « € L, © exists letters iy, ..., ik €
2\ {#} such that the letter paris segments iio, ioiz,i3i4. .. Ik 1ik, iki1 occur infinitely often.

Consider permutation (i,...,ip) of 1,...,n (i1,io,...,in#H)“ ¢ Ln

Assume A does not accept (i1,...,in#)“, (J1,..., Jn#)” with permutations i1, ...,in j1,..., Jn
The runs p,, pg of A on a, resp S are not successful, Inf(o,) = RShow; Inf(pg) =S RNS =10
So A has > n! states.

Assume g € RN S. Build w-word with infinitely many occ. of i1...in, j1... jn

Inf(p) = RUS, p not successful.

i1...0k

Ji---Jk

get cycle in input word. Contradiction!

17



3 Monadic Theory of one successor (S1S)

We consider transition systems.

p; denote properties of the states
arrows= possible behaviour of the system.
Associate boolean vector to properties

©

pi is trues i-th component is 1

Execution of such awsystem yields arword overB™

eg: = (1)(o)(1)(o)(o) - - |

evolvement of single property over time is the projectiothi® corresponding row

Express specifiication for the behaviour of the system byasging specification fap-words overB"

Use S1S for this: variablest . .. for time points, positions

variablesX, Y, Z ... sets of positions, 0 constant, successerearlier,=, + boolean connectors quantifi-
cation

Example:
Constant: At position 3, p; holds. ¢(X1) = Xq( 0_’;’ )

Reactivity: Sometimes p; holds. ¢2(X1) = Xy (1)

Recurrence: again and again p; holds: Ytas >t : Xy(9)
Request - Response: Whenever p; holds, p, holds afterwards.
VS(X1(s) — Tt(t > sA Xx(t))

18
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3.1 Formal Syntax

Variables: st,...

Second-order variables: X, Y, X1, Xo . ..

Terms: constant O, first-order variablesiterm— 7’ term

Atomic formulas: X(1), o < 7,0 = 7 with o, T terms.

S1S-formulas are obtained from the atomic formulas by usowean connectives and quantification.

3.2 Semantics

UseN as universe for first-order variables
Use 2" as universe for second-order variables
The interpretation ofis +1

<= less than oY

Use standard semantics

Write

(N,0,+1, <, Py, ..., Pn) Eo(X1...X,) whereX; ... X, are the free variables ad
if ¢ is true in these semantics if the free varialf|es interpreted a®;

We need to specify onlf?1...P, =P

ForP;...Ph,c Nwe definea(P)(a € (B"® by (a(i)9; =1iffi e Pj

Then we writea(P) F ¢(X1... Xn

Definition

For S1S-formulap(Xy . .. X,) defineL(e) = {a € ((B)™|a £ ¢(X1...Xn)}

3.2.1 Connection from S1S to B lchi-automata

S1S:st,... positions ofw-words.
X,Y,...sets of positions

0,,<X(s) “Monadic second-order logic”
X(s")

-, A\, V,—>, o, AV

Formulag(Xy, ..., X,) satisfied in a modelN, 0, , <, P4, ..., Py) ~ w-word over{0, 1}*

Example (for correspondance  (py, P2) ~ {0, 1}°):

Prevennumbers; 1 0 1 0 1 0 1 O 1 O

P, primenumbers: 0 0 1 0 1 0 1 O .

©(X1, X2 “There are two successive positions with 1 in second component followed by 1 in first compo-
nent”

19
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20 CHAPTER 3. MONADIC THEORY OF ONE SUCCESSOR (S1S)

With a from above: a F As3t(S =t A Xa(5) A Xo(t) A Xy (1))
AS(Xa() A X2(8) A Xa(S7))

L C {0, 1}" S1S-definable= exists S1S-formulg(Xy,...,X,) s,tforanyae € ({0,1]")” : e e L © a E
(X1, ..., Xn)

Theorerlrawrgog‘BUChi 1960) Arw-language Lc ({0, 1}")“ is S1S-definable if and only if is Buchi-recognizable.

[<]: Given Buchi-automaton
1

N

G q240,q3i>0
S

0

¥ = {0, 1} Find ¢(X) saying “U accepts the w-word corresponding to X”
¢(X) has to say: exists a successful run of 2 over « corresponding to X

a = 1 0 1 0 0 0 O
a * *
q2 * *
O3 * x

Idea: Express existence of run by existence of three set Y1, Y, Y3

Express that Y1, Y», Y3 represents successful run

©(X) : AY1, AY>3Y3( each position belongs to singly Y AY1(0)AYS(Y1(S) AX(S) AY2(S)) vV (Ya(S)A
=X(9) A Ya(s)) V(Y2(s) A =X(8) A Y3(s7)) V (Y3(S) A =X(8) A Y3(S))]

AYsat(s < t A Ya(b)))

General Case U = (Q,{0,1}",q1,A,F) Q={q1,...,qm}

e(X1,..., Xn) 1 AY1... Ym(Partition(Ya, . .. Ym)AY1(0) AYSV (g agea(Yi(S)AXa()AYj(S)AVSTt(s <
tA Vger Yi(h)

Partition (Y1,...,Ym) : ¥V V2, Yi(9) A =38V i, (Yi(9) A Yi(9))

Fora = (b1, ...,bn) by € {0, 1} write Xa(s) for (b1)X1(S)A- - -A(bn) Xn(S) where bj = {em pty b=1

- bl = O
[=] From S1S-Formulas to buchi-automata

Simplify formalism S1S to S1Sg with second order variables only.

S1S; has new atomic formulas :

SingX) for “X is a singleton”

SucgX,Y) for X = {s},Y = {t} with ' =t

XcY

Lemma S1S formulas can be rewritten as S1Sg-formulas

Proof Apply the following steps: Eliminate 0: X(=) ~» As(X(s) A tt’ = )

Eliminate iterations of 7 X(S”) ~» At(s =t A X(t))

Eliminate <: s<t~» “tis in successor closure of S ” YX(X(S') A YZ(X(2) — X(Z)) — X(t))
Get S1S-formulas with atomic formulas s =t X(s) only

From such formulas obtain an equivalent S1Sg formula.

Example: AXYsdt(s=t/, X(9))

AXYS(SingS) — AT(SIingT)AS uckT, S)AS C X) Lemma Each S1Sg formula (X4, . .., Xp)canbe
transformed into an equivalent Blichi-automaton.

Proof by induction on S!Sg-formulas.

20
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0,0

0
Atomic formulas S ing{)&)l) ~

SucgXq, Xo) ~»

X1 € Xo~>

For induction step assume that only connectives = v 3 remain (A, —, <> have been elimi-
nated)

- Consider —(Xq, ... Xm), assume by ind Biichi automaton U for ¢

Use Biichi-aut. complementation to find automaton for -

Vig1(Xe...)Va(Xy ... ), assuming Bichi aut. 2y, , Ay,. Use union automation of Ay, , Ay,
3 Consider IXy/(X4, ..., Xm, X) assuming Biichi-aut. 2, over {0, 1yl

Find autom. over {0, 1}™ (1)
1

0
Example: y(Xg, X) (1)
New automaton reads only first component ans messes second comp. with this simulating
given automaton.

Implementation: Delete second components in the given automaton:

10.1.06

From S1S-formulas to B ichi-automaton — ¢(Xg,...,X,) — A, overX = {0,1}" such that for each
a € ({0, 13"
a E (X, ..., Xy © A, acceptsy

lllustration  ©(X1) : AS(X1(S) A =X1(S))
First Step: Rewriting as S}S9-ormula:
AsA(X1(9) A S =t A =Xq(t))

AX53AX3 (X2 € X1 A Suc€Xo, X3) A = X3 C X1)

(X1, X2, X3)

21
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Xz = {s}, X3 = {t}
Automaton forX, € X3 A SucgXs, X3)

(1,1,0) (0,0,1) Cj >(0/1,o,0)

(0/1,0,0,)

For intersection with-X3 C X; take only (0,0,1) atx)
Automaton for full formula: forget % / 34 component.

1st Step Theorem 8 For each S1S-formula(Xy, ... X,) one can construct an equivalent Biichi-automaton &ver
{0, 1}", and conversely

Recall. Given Bichi automaton, an equivalent formula can be emitsdYs ... AYm (X1, ..., Xm, Y1,... Ym)

first Order
()
Consequence 1Call S1S-formula existential if it has form)
Each S1S-formula(X; ... Xp) is equivalent to an existential one.
Proof by translation: ¢ — %, + formula equivalent tdl, (of the form )) existential.
Consequence 2Decidability of aritmetical theorics
Use Theorem fon = 0, i.e. for sentenceg (without free variables).
A, has unlabelled transitions.
(N, <,0) E ¢ & A, has a successful run (state sequence with infenitely masitg af final state)
Hence: For each S1S-sentence one can decide whether & is ffid,” m, <, 0)

Example:

V<itt < sfalse (take s=0)

YX (X(0) A VS(X(s) — X(8)) — VtX(t)) (induction princ.) True

“The monadic second-order theory of (N,”, <, 0) is decidable”

Background: Godel's result on “undecidability” of first-order arithmetic (for the structure (N, +, -, 0, 1, <)

Example:
VXAX<yAYaVZ(zs - o=y —>z1=1V2Z=1)

y is prime
There are infinitely many primes.
VxAy(x <y Ayis primeAny+ 1+ 1is prime“There are inifinitely many twin primes.”

Remark:
Remak (Gddel): The full second-order theory (with quantification over relations) of (N,”, <, 0) is unde-
cidable.

Proof:

By second-order definitions of + ans’

X+Y = z & each relation wich contains (0, X) and is closed under successor in both components mus
contain (Y, 2)

< VR((0,X) e RAY(st)((st) eR— (8,1)eR) - (y,2 € R)

X -y = zanalogously, using +

22
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Decidability?  (Tarstei) What about “monadic quantification”? (Quantgiever sets only) Solution by
Buchi.

Th(N, +,<,0,1) Th(N, -, <, 0, 1) decidable (Presburger, Skolem)

Consequence Monadic theory of a structur@(’, <, 0, P) with some fixed® C N

Example:
P= set of primes
Vsdt(s < t A P(t) A P(t”)) twin prime statement.

Question For wichP is the monadic theory decidable. Approach: Use Buchi'stiya aboutp(X) — A,
for a fixed sefsequenced.
1 ieP
Giveng, find Biichi, such thatil,”, <,0, P) k£ ¢ & A, acceptsrp ap(i) = {O I ; b
[
P primes: 001101010001
dots

Example:
For P = primesVvsdt(s < t A P(t) A P(t”)) is true & the following Blichi automaton accepts ap

MTh(N,”, <, 0, P) is decidable if the following decision problem is decidable: Given Biichi-automaton
over X = {0, 1} Does A accept ap

Consequence 4Method for model-checking.

Basic situation: P :Program (System) given as transitiaplgr

Here:represented as a (Blichi) automaton (with all state$ fi

Specification: S :Formula about the desired system runs.

Here: S1S formula about the transition labels.

P is corrext with respect to S: all runs wich are possible iatidfy S

L(2p) € L(As), equivalentlyL (A N L(A)s = 0 17.01.06

23
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3.3 The binary Tree and the two-dimensional Grid

Format of binary tree:{0, 1}*, sucg, sucg, &) sucg(w) = w0 andsucg (w) = wl
Introduce monadic second order language as beforeswitly, sucg instead of .
S2S is the corresponding logical system.

Theorem 9 (Rabin, 1969) MT({0, 1}*, suce, sucg, ¢) is decidable.

Format of the gridG, = (N x N, sucg, suce, (0, 0))
suca(x.y) = (x+1Ly) suce(xy) = (x,y+1)

Theorem 10 (Seese;1975) MtHG) is undecidable

Proof:

Use reduction of the halting problem for Turing machines.

Task: Given TM M, construct sentence ¢y s.t. M halts started on empty tape & G E pum

Use TM on left-bounded tape

TM-computation is sequence of configurations Cgy, C1,Co, . ..

Convention: Repeat halting configuration

Halting signalled by “stop state” gs

Idea Express existence of halting computing computation of M by requiring a corresponding labelling
Co o U U U U ... gUuUlIRa

odG, C; 1 o U U U ... 1UIN
C, 1 G 1 u u .

For construction of ¢y use work-alphabet {ay, ..., a,} and M-states qo, . .., Ok

Introduce Xop, ..., Xn, Y1,..., Yk

X; = set of positions where g occurs

Y; = set of positions where q; occurs

em - AXo, ..., XnY1,. .., Yk (Partition (X, ..., YA

“first row corresponding to inital conf. (empty tape)” [Yo(0, 0) A Vy(S3((0,0),y) — Xo(¥))]

*A “each successor row corresponds to successor configuration of preceeding row”

AAXYk(X)

Qo U

Because the Turing Maching is
1 o

For () with down condition on 2 x 4 boxes of grid.

24
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deterministic: For each labelling wich starts in the first row and wich continues in admissible windows,
a stop state will be reached.

25



4 Model-Checking and Temporal Logics

Model-Checking-Problem: Given StructurgSystemS Y S specificatiorS PEC.
DoesS Y SsatisfyS PEC?
Plan: Formalisatiop automata-theoric approach.

1. Kripke structures as system models
2. Basic specifications

3. Formal specification languages
2

[S1S]: model-checking is very harﬂ((Z)22 ' (exp. ktimes), non elementary
Introduce temporal logit. T L, show that M.C. is PSPACE-complete

4. Use automata to solve the m.c. problem

1. Kripke Structures:
Let p;... p, atomic propositions (base “state properties”)
A Kripke structure ovep; ... p,is a tupleM = (S, R, 1) where

S is a finite set of “states”

R is a transition relatiorR € S x S ((s1, & € R the system can go from to states,)

Ais a “labelling function”,6 : S — SP1-Pn

pi € A(S): the base property; is true at states.

Example: tréic light, three atomic propositions:
p1 ~ red light is on

p2 ~ yellow light is on
P3 ~pgreen light is on

P1, P2
S1 - S,
I
S4 - S3

Notations:

a) A pointed K.S. is a K.SM = (S, R, 1) with an initial statese S

26
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b1
b) Usually, we writei(s) as a bit vectoe (B)":| : |: by =1iff pj € A(S)
bn
¢) Convention we don't allow...
Definition
1) A Path through a K.SM = (S, Q, )(M, S) is an inifinite sequence of stateg s, S ... with:
=S

(s,s5:1) € Rforalli e N

2) Label sequences for a patfs; s, . . . is thew-word A(sp)A(s1) . . .

3) The language of/X1, S) is the set of label sequences of paths through $), we writeL(M, s) €
(B)”

Model-checking Problem revisited:

Given a Kripke structureXl, S) over p; ... pn, and a specificatiop on w-words ovenrx, does every
path through M, S) satisfy?

L(M,S) C L(¢)?

24.01.06

Review Model-Checking-Problem:

Given Kripke-structure specification:Logical formula
(M, 9) E ¢?

Does M, s) satisfyy?

L(M,9)
Label sequence(z)(5)()(s)(S)() - - -

Approach for solution: Construct Buchi automathy, s for L(M, s) and¥,, for L(¢)
and check wethelr(s) € L(2Ay,)
Formulation ofy given often in “linear time temporal logic” LTL (in fact, sspstem of S1S).

Plan: Introduce LTL
Sketch translation from LTk Bichi aut.
Solve MC Problem

27
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4.0.1 LTL

Basic sequence properties (over two state propepties,)

Guaranteed property: “sometimep; becomes true” (E-aut. Fp1]

Safety property: “alwys p; is true” (A-aut.) Gp1]

Periodicity property: “Initially p; is trie , andp; is true precisely every third moment.” (A-aut.pij[A
X=p1 A XX=p1 A G(p1 & XXXp)]

Obligation property : “Sometimesp; is true, andp; is never true” (SW-aut.)fp1 A =Fp2 = Fp1 A G=py]
Recurrence property. “Again and againp; is true” (Buchi-condition) GF py]

Request-response property“Always whenp; holds, then sometime latgp holds” [G(p1 — XFp;]
Until property : “Always whenp; holds, sometime latgp; holds and in the meantim@ holds”. [G(p1 —

X(p2U p1))]
Fariness property. “If p; is true again and again, sops” [GFp1 — GFpy]

Fomalisations with temporal operators:

X “next” F “sometimes”
G “always” U “until”
Remark:

All formulas can be expressed by Biichi automata over {0, 1}2

Periodicity: (0)

obligtion:
recurrence:

28
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LTL-Syntax
LTL-formulas overp; ... pn are defined inductively as follows:

e piistLTLformula(=1,...,n)
o If ¢,y are LTL-formulas, then alseg, ¢ V ¥, o A, ¢ — ¥, ¢ < ¥ [,V ] suffices

o If ¢,y are LTL-formulas, then als¥y Fo Gy Uy

In w-sequences oveér = {0, 1}"

Notation:

Fora € ({0, 1}")* , @ = a(0)a(1)- - -

a = a(i)a(i + La(i +2). ..

(a(i))j = j-th component ofx(i)

Satisfaction relationd' & ¢” is defined inductively:
FPj< (a(i))j = 1

E—p © nota' E ¢ similarly for v, A, 5
EXepoadtleg

EFpedj>iadeg

FGp &

forallj >ial k¢

dEeUy e dj>il@ ey AVKI <k< = aXE Q)
Example:

GFm

a(0® + GFp
& Vj>0a EFp
Vidk > joXE pr
———
(a(k)1=1
< infinitely often p1 is true

()

Evaluation of LTL-formulas

¢ F(=p1 A X(=p2U p1))

o= O @66 666 6-

~pl o 1 0 1 0 1 1 1.

) 1 0 0 1 1 O O O.

p—Expension ofx -pUpy 1 0 1 1 1 O 0 O.
X(=paU p1 0o 1 1 1 0 0 0 0.

=p1 A X(=p2U p1) 0 1 0 1 0 0 0 0 .

F(=p1 A X(=p2Up1)) 1 1 1 1 0 0 0 0 .

Theorem 11 (Main Theorem) An LTL formulap over p ... p, can be transformed into a Bichi automaton

A, overX = {0, 1}" such that for alle € X“ « £ ¢ & U, can be constructed with state $gg} U {0, 1)™ 310106
1.01.
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Idea: Declare the bit vectors for truth of subformulas as statd3imhi automaton
Technical Preparation:

att:pVv-p
ff:ipLA-ps
F:ttUg
G : =F—¢p Temp op.X, U sufices.

b) pUy & ¢ Vv (¢ A X(eUy))

c) Generalized Bichi automato®:= (Q, X, qo, A, F1,..., Fk)
A acceptsr © exists run ofl onda such that eacki(i = 1,...,K) is visited infinitely often.

Lemma (Translation Lemma)

Any LTL formula ¢ over p;1 ... py wih temporal operators X, U only and with m subformulas 1 ... ym(#
pi) can be transformed into a generalized Blichi-automaton with state set {qo} U {0, 1}™

Aim: Automaton has a unique successful run, namely the sequence of truth-value vectors for 1 ...y

Givena, subformulasyy, . . ., ¥m Of ¢, thep-expansion ofr satisfies the compatibility conditions:

vi =y (B0))j =1 (B(0), =0

Ui =y Vg, (B0) =1 e (B(0)), orB(i))j, =1

Yi= Xgj 2 BM)) =1 e B0 +1)), = 1yj =y Uy, 0 B0); =1 o B0), =1V BQA);,; =
7.2.06 LA ((B())j, = 0+in the last case (U-Formula): there is ke.t. fori > k (8(i)); = 1 but ((i));, = 0.

4.0.2 LTL — Bichi automata

Comaprison LTL - FO (first order logic oves-words)

Example:
G(p1 — X(p2U p1)) p1 at time X — X1(X)
Vs(X1(s) = At(s<t A X)) AVr(s<r <t — Xx(r)))

Theorem 12 LTL and FO are of same expressive Power.

Proof:

LTL — FO: easy by induction

FO — LTL: Difficult. (superexponential blowup in formula length)

Intuition: FO-Quantification can be restricted to intervals [s, t] (Yr(s<r <t —...))
lllustration for LTL: py A X(p2 A Fp3)U p1)

Theorem 13 a) An LTL-formula with m distinct subformulas can be tratethinto a Blchi automaton
with O(2™M) states.

2m
b) An FO-formula with m connectives is translatable to Biaht with m states

30
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Translation LTL — Blchi automata  via alternating Biichi automata (ABA)
Idea of alternating automaton: Allow existential (or-) fiching as in nondet. aut. and universal (and-)
branching.

a
Bt &) e
Example:

Run tree on input

ONOBOROBONBONONO

Nondetdermin-
ism generates different run trees (for each nondet. choice a new run tree).
Alt. Buchi automaton accepts « iff exists run tree on « such that all branches of it are successful (end
in tt or visit final state inifinitely often)

Theorem 14 An LTL-formula can be translated into an Alt. Biichi autoamatvhere the set of states is the
set of subformulas (with f ft)

lllustration FG-p; (input alphabetz = {0, 1})
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Second Step:  Transformation of ABA into standard Biichi automaton
As states use sets of ABA-states, updated according to tafyof ABA run tree(s)
Comparison of LTL (or FO) with Buichi automata (or S1S)

Theorem 15 Biichi automata are strictly more expressive then LTL

Example:
Lo = (00)"1¢ is not LTL-definable.

et )

1
L = (10)"1¢ is LTL-definable.

Proof:
Proof strategy

e Introduce property “non-counting” for w-languages L
e Show that each LTL-def w-language has this property

e Lo = (00)"1¢ violoates this property

L C X¢ & for sufficiently large n: Vxy8  xy'Be L o xy"lge L

Negation: L “counting”: there are inifinitely many n and xy8 sucht that xy"’8 € L, x,y"™'8 ¢ L or
conversely.

Lo is counting: take any evenn, x=¢,y=0,5=1%

(00°1“:  xyBeLo,xy" B¢ Lo
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4.1 Beyond reular w-languages

Scale of complexity fow-languages:

Level 1: w-languages of fornh = W -X2“ @ € L & ex. a prefix inW, W C ¥*

Level 2: w-languages of fornk. = limW (W C ¥*)

General construction: Borel hierarchy

Level 1 X; class ofL = W - = with W € X*
I1; : class of complements @f;-languages

Level (n+1) X(n.q) : class of countable uniong; Li with L; € ITj
IT,,1 class of countable intersectiofy L; with L; € X,
Remark: II, = class of languagdsmW
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